Appendix VIII. Statistical entropy difference

Abstract

With the aim to refine the existing entropy concept, an expres-
sion for a microscopically applicable entropy difference is derived
on the basis of recent theoretical findings in the field of statistical
mechanics. Some similarities and differences between the resulting
formula and the detailed fluctuation theorem are identified. Sub-
sequently, the Second Law of Thermodynamics is derived from the
new entropy formula and a crude estimate of its limits of appli-
cation is calculated. Theoretical and empirical implications are
considered and the new concept of statistical entropy difference
is applied to the single-particle decay process of the neutral K-
meson.

1 Introduction

Entropy has a unique status in physics, since it is the only physical
quantity that varies monotonically with time: the entropy of an isolated
system either remains constant or increases. The entropy concept has
been a subject of controversies ever since it was developed in the mid-
dle of the nineteenth century, and the issue has not been settled yet.!
A central issue is how to derive the time asymmetry, intrinsic to the
entropy concept, from assumed time symmetric fundamental laws. Fur-
thermore, entropy concept has only limited application in microscopic
and nonequilibrium process.?

A crucial leap forward in these respects was taken by Ludwig Boltz-
mann through his statistical interpretation of the entropy quantity, S,

S=kg-In W, (1)

'For an account of historical controversies, see Brown et al. (2009), while Uffink
(2001, 2007), Nikulov & Sheehan (2004), and te Vrugt (2021) describe more recent
issues.

2Several authors (Earman, 1974, 2006; Denbigh, 1989; Uffink, 2007) have pointed
out the lack of generality of the entropy concept. However, Batalhéo et al. (2015) and
Rossnagel et al. (2016) have demonstrated microscopic entropy differences empirically,
and microscopic applications of entropy is described by fluctuation theorems (see
Section 4).

3 According to Swendsen (2006), it was Max Planck rather than Boltzmann who
formulated this equation, even if it is inscribed in the tombstone of the latter.
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where W denotes the number of equally probable microstates of the
macrostate in question and kp is Boltzmann’s constant. However, even
this entropy concept has several limitations. First, statistical entropy,
thus defined, can only be measured for systems for which it is possi-
ble to identify a limited number of equally probable microstates; for
example, it cannot measure the time asymmetric evolution in disequi-
librium chemical processes or radioactive decay. Second, a derivation
of the macroscopic time asymmetrical aspect of entropy from some fun-
damental principles of physics has still not been established. Third, it
is unclear what entropy actually measures - disorder, energy dispersal,
probability or information.

The aim of the present article is to extend the concept of entropy
to overcome these limitations. In Section 2, some basic concepts are
defined. In Section 3, an expression for statistical entropy difference is
derived and in Section 4 it is compared with the detailed fluctuation the-
orem. The derived expression constitutes a foundation for a derivation
of the Second Law of Thermodynamics in Section 5. The theoretical im-
plications of these results are considered in Sections 6, and in Section 7
and 8 macroscopic and microscopic applications are described. Finally,
in Section 9, further development of the entropy concept is discussed.

2 Basic concepts

In a previous article, Skoruppa (2022d) proposes a physical law which
is verified to some extent in Skoruppa (2022b) and more thoroughly in
Skoruppa (2022f):

Law of statistical mechanical time asymmetry
Assume that A[t1,t2] and Blts, t4], where t; < to < t3 < t4
and t; < t4, are macroscopic states, defined by the same
quantities and the same degree of coarse graining in an iso-
lated disequilibrium process. Then p(Blts, t4]|A[t1,t2]) is al-
ways, while p(A[t1, t2]| B[ts, t4]) is never, time translation in-
variant through the entire evolution from disequilibrium to
an enduring equilibrium.

The law thus states that, in time translation invariant conditional prob-
abilities that correctly describe a physical process evolving from equilib-
rium to disequilibrium, the outcome always follows the condition, while
the outcome never precedes the condition in these probabilities.* The
two kinds of conditional probabilities that is expressed in the law can
be defined in the following ways.

4This can be considered as a precise physical expression for the time asymmetry
that Evans & Searles (2002) describe in terms of the unphysical Aziom of Causality
(also mentioned in Section 4 in the present article).
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Definition 1 Future-directed probability:

p(A[t] A Blta])
p(Alt]) 7

p(Blt2]|Alth]) =

where t1 < to.

Definition 2 Past-directed probability:

Alt1] A Blta])
p(Blta])

p(Altr]|Blta]) = 2

where t1 < to.

3 Derivation of statistical entropy difference

As a point of departure, let the entropy of equation (1) describe a dif-
ference between well-defined entropies of two macrostates, A and B,
between which the system in question can evolve spontaneously if kept
in isolation. The system is assumed to be isolated in a container with a
constant and finite volume and with no heat exchange with the environ-
ment. Furthermore, the entropies of A and B are assumed to be defined
by the same macroscopic quantities, which are measured by means of
the same degree of coarse-graining, i.e. the same size of cells in phase
space.” Then, equation (1) implies
SA—SB:kB'lnWA—kB‘anB:kB-ln%. (2)
Wg
A good reason for analysing entropy in terms of difference is the
difficulty to ascribe an absolute entropy value to a physical state, since
it depends on the method of coarse-graining and on which aspects of
the entropy value that is estimated. For example, the entropy of a gas
in a closed container is dependent on whether the measure is based on
the velocity distribution or the spatial distribution of the molecules; the
entropy is also dependent on how fine-grained the categorization of the
velocity and spatial measures are. Yet another entropy value could be
the result if it was also taken into account that the entropy of an isolated
system, in the long run, will increase as a result of nuclear reactions, e.g.
the spontaneous decay of protons and neutrons from which the system
is built.
A significant characteristic of thermodynamical processes is their
unique possible future state of equilibrium, if they evolve in isolation

5Since the probabilities in the derivation are defined in terms of Gibbs’ ensemble
concept, coarse-graining is defined in terms of Gibbs’ phase space concept as well.
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in a vessel of constant and finite volume.® Since W stands for equally
probable microstates, this means that

: Wi
lim p(X[t]) =
i p(XTH) = 35

(3)

where Wy, denotes the total number of equally probable microstates,
and where p(X|t]) denotes the unconditional probability of the statisti-
cally described arbibrary state X to occur at the point in time ¢. This
tendency towards a future equilibrium can be considered a consequence
of the law of statistical mechanical time asymmetry, presented in Section
2, since a stable future equilibrium state requires translation invariant
future-directed probabilities.”

Thus, A and B are assumed to be two possible states in an iso-
lated physical process that can be correctly described as a homogeneous
stochastic process with a unique possible equilibrium probability dis-
tribution. Since the future-directed probabilities are time translation
invariant in accordance with the law of statistical mechanical time asym-
metry, the following relation is implied for two arbitrary states, A and
B, two arbitrary points in time, ¢ and t/, and an arbitrary time interval
7, where 7 > 0,

p(AIY +7]|BIY]) = Jim p(Alt +7]|B[]) (4)

Furthermore, if the spontaneous evolution under study is evolving
for an infinite time, it can be assumed to end in a state of equilibrium
restricted to detailed balance.® Detailed balance is defined as equilibrium
with no circular probability currents, and thus,

t—o00

lim p(A[t]AB[t + 7)) = tliglop(B[t]/\A[t +7]) . (5)

SUffink (2007, p. ~1029) writes: “In fact, I will argue that this discussion of
irreversible behaviour as derived from the Markov property suffers from an illusion.
It is due to the habit of studying the prediction of future states from a given initial
state, rather than studying retrodictions towards an earlier state. As we shall see,
for a proper description of irreversibility in stochastic dynamics one needs to focus
on another issue, namely the difference between backward and forwards transition
probabilities.”

"This tendency towards a future equilibrium state can be proven in terms of linear
algebra, where a stable steady-state vector is derived on the basis of time translation
invariant future-directed probabilities, and where the time direction of the probabili-
ties usually is implicit (see e.g. Lay (1994)). The assertion is also proven for a simple
model of the universe in Section 5 of Skoruppa (2022c).

8The concept of detailed balance originates from Lewis (1925) and is expressed
by Bacciagaluppi (2010) in a form that is equivalent to equation (5), except for the
limit to infinity. The limit does not influence the validness of the expression. The
assumption of detailed balance can be considered as a reasonable postulate, which
the following derivation is built upon.
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It is now possible to rewrite the entropy difference in equation (2),
given that the involved probabilities are non-zero (i.e. that an evolution
between A and B is possible in the time interval ), and given that ¢’
is another arbitrary point in time:

S-S = ka1 AT ()
o )
=l oo 2 2| — ()
SN e
A 8

where 7 > 0. This is an expression for what from now on is named sta-
tistical entropy difference, and it denotes the entropy difference between
two states in an isolated spontaneous evolution by means of future-
directed transition probabilities.

The above derivation, in addition to the assumed detailed balance,
is dependent on Boltzmann’s assumption that the system in question
can be measured in terms of number of equally probable states, W,
according to the formula (1). However, it seems reasonable to assume
that the relation

p(A[t])
p(Blt])

(7)

SA—SB:tIi)ngOkB-ln

to be generally valid also in processes where the microscopic states are
not equally probable, e.g. chemical processes. The general validity of
the relation (7) is therefore postulated and hence the formula (6) for
statistical entropy difference can be considered as generally valid for all
kinds of isolated processes contained in constant and finite volumes.

In conclusion, the derivation above is based on three crucial assump-
tions apart from the characteristics of the system and the states in ques-
tion: (a) the validness of the law of statistical mechanical time asym-
metry, (b) that an isolated system finally reaches a state restricted to
detailed balance, and (c) the validness of the assumption expressed by
equation (7).
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4 Relation between the obtained formula and
the detailed fluctuation theorem

Thirty years ago Evans et al. (1993) derived a fluctuation theorem that
expresses the probability of fluctuations in the shear stress of a fluid in a
nonequilibrium steady state far from equilibrium. It gives an analytical
expression for the probability of observing Second Law violating dynam-
ical fluctuations in thermostatted dissipative non-equilibrium systems,
especially for short time intervals and in systems with few particles.

Derivation of various fluctuation theorems has since become a fruitful
area of research. In the “detailed” version, the quotient between the
probability of the positive entropy production ¥, when a system runs
according to the Second Law of Thermodynamics, and the probability
of the negative entropy production —3, when the same system is run in
reverse, equals the exponential of the entropy production. As Salazar
(2021) puts it:

Particularly, the strong Detailed Fluctuation Theorem
(DFT) is a relation about the asymmetry of the probabil-
ity density function of the entropy production,

=e (8)

indicating that positive values of entropy production are
more likely to be observed than the negative counterparts.
It arises, for instance, in time symmetric protocols in the ex-
change fluctuation framework. The most known consequence
of (8) is the integral fluctuation theorem (IFT), (e™*) = 1,
which results in the second law of thermodynamics, (3) > 0,
from Jensens inequality. (Salazar, 2021, p. 062101:1)

If the involved entropies are interpreted as being expressed in nats
(i.e. natural units) in accordance with Crooks (1999) and England
(2013), equation (8) can be rewritten as

p(¥)
p(=%)’

Y =kg-ln 9)

where ¥ denotes an entropy distribution according to e.g. Crooks (1999).
Equation (9) looks quite similar to equation (6), but the author of the
present article is admittedly not schooled enough in this field of physics
to decide how similar the two expressions actually are. However, some
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differences can be brought out:

e While equation (6) describes a relation between probabilities of de-
velopments in an isolated system, equation (9) describes a relation
between probabilities of developments between summed exchanges
with a heat bath (i.e. the entropy production) of an insulated sys-
tem.

e While equation (6) describes a relation between the probabilities
of two single trajectories in phase space, equation (9) describes the
probabilities between two distributions of trajectories.

e While it is clear that the time asymmetry of equation (6) origi-
nates from the proposed physical Law of statistical mechanical time
asymmetry, it is unclear where the time asymmetry of equation (9)
originates from; Evans & Searles (2002) refer it to the metaphysi-
cally flavoured Aziom of Causality, which Pietsch (2005) correctly
opposes to.

5 Derivation of the Second Law of Thermody-
namics on the basis of the statistical entropy
difference formula

Assume that two macroscopic states I and II can evolve to each other
in both directions in an isolated thermodynamic process (at least theo-
retically, as a result of an extremely improbable fluctuation) at a given
place. Moreover, assume that both these states have well defined en-
tropies, and that the entropy of state I, Sy, is measurable smaller than
the entropy of state II, Str. In order to provide wide margins for the
following derivation of the Second Law of Thermodynamics, “measur-
able smaller” is defined by an entropy difference that is greater than
10719J/K (a larger value makes the derivation even more convincing).
This limit is applied to the formula of statistical entropy difference (6),
and thus:

p(I1[t' + 7]|1[t'])

p(I[t"” + 7]|TI[t"])
pAT[Y + 7]|I[t]) 20700k s N
p(I[t” + THII[t//]) B ~ 10 = {deﬁmtlon}
pAL + 7] ALE)) - p[E]) i1
pI[t" + 7] ATI[t"]) ~ p(II[t"]) ’

where 7 > 0.

The right side of the inequality (10) expresses a lower limit for how
much more probable it is for the lower entropy state I to evolve to the

Si—St=kp-In > 10710J/K

(10)
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higher entropy state II than the reverse evolution. Hence, if we want
to establish a lowest possible numerical limit for the probability of the
evolution I — II, we must find the lowest possible numerical limit for
p(I[t']) and the highest possible limit for p(II[t”]).? Since it is impossible
to calculate an empirically motivated upper limit for any state of a given
system to appear at a given place at a specific point of time, the latter
limit is set to unity, i.e. maxz[p(II[t"])] = 1.

To obtain the lowest possible numerical limit for p(I[t']), assume
that state I is empirically realistic, which here means that the state
has a reasonably large statistical likelihood to appear at the given place
at the time when it is measured.'% Accordingly, state I is defined as
empirically realistic if it has an unconditional probability, p(I[t']), that
would allow it to occur at the given place at least once during the time
of existence of the universe up to now. A very low limit (which is
meant to be extremely inclusive) for state I to be empirically realistic, is
that it has an unconditional probability that is larger than the shortest
physically possible time interval of occurrence divided by the largest
possible time interval of occurrence in the life time of the universe up to
now. Therefore, the limit is decided to be the Planck time divided by
the age of the universe.!! Hence,

: m — Planck time
min[p(I[t])] = Age of the universe
maz [p(II[t"])] =1
p . _10-43
p(I[t']) - Planck tln}e ~ 9.39-107%* s > 10759 (11)
p(II[t"]) = Age of the universe  1.84-1016 g

The equations (10) and (11) combine to

p(I[t']) NI 4 7])
p(II[t"] NIt + 7])

0l2.4 0123

>107%7. 10! > 10!

(12)

where 7 > 0. This means that if the entropy of the state II is mea-
surably greater than the entropy of the state I, and if both states have
unconditional probabilities that allow them to have a reasonable chance

9The derivation implicitly relies on the existence of objective probabilities, espe-
cially with respect to the value of p(I[t']). This, in turn, depends on the assumption
that the universe is stochastic in an objective sense, which is a reasonable interpre-
tation of the quantum mechanical description.

10The concept of empirical realism is motivated by the fact that the unconditional
probabilities of the universe as a whole and most of its subsystem at the current time
prove to be far much greater than it would be in a state of equilibrium (i.e. in the
case of heat death) — otherwise these disequilibrium states would have probabilities
so low that they would not occur in practice.

1The derivation is not dependent on the Planck time being the shortest possible
time interval, but rather on the mere ezistence of a shortest possible time interval
greater than ~ 107" seconds.
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to occur in the process in question, at a given place, at least once during
the existence of a universe up to now, the probability of the entropy
increase I — II is enormously much greater than the probability of the
entropy decrease IT — I (if the two states are separated by the same
arbitrary time interval). Expressed in other words, this is a version of
the Second Law of Thermodynamics:

In an isolated evolution between two empirically realistic
macroscopic states with a measurable entropy difference, the
entropy will, in practice, always increase.

Moreover, it is possible to estimate the approximate limits of ap-
plicability of the Second Law on the basis of the above derivation and
the reasonable assumptions that it is built upon. First, the derivation
is built on the assumption that the system is isolated and macroscopic,
where the latter assumption motivates a minimum entropy differences
of 1071°J/K. For microscopic systems, where the entropy difference
comes close to the Boltzmann constant, 1,38 - 10723J/K, it can eas-
ily be shown that the derivation is no longer valid (as an example, a
microscopic entropy difference is calculated in Section 8).

Second, the limit for the state I to be empirically realistic is defined
as a fraction with the age of the universe as the denominator. The
age of the universe has to be less than 10104 years for the probability
p(I[t']) AII[t' +7]) to necessarily be larger than the probability p(II[t”] A
I[t” + 7]) in accordance with equation (12). However, the universe is
predicted to expand forever and, therefore, the derivation is valid only
in the infinitesimal part of the history of the universe that happens to
be the case right now, when the predicted "heat death” has not yet
prevailed. Later on, the Second Law of Thermodynamics can not be
expected to hold.

6 Other theoretical implications of statistical
entropy difference

A characteristic of the statistical entropy difference formula is that the
quotient of the transition probabilities is independent of the length of
the time interval 7 between the two states. It is also noteworthy that
the formula (6) incorporates both probabilities and time asymmetry into
the same entropy formula, with the time asymmetry represented by the
future-directed (in contrast to past-directed) probabilities in the quo-
tient. This time asymmetry is essential in the derivation of second law
of thermodynamics in accordance with the line of reasoning in Section
5.
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The statistical entropy difference concept also has a wider domain
of applicability than the formula (1), since it is no longer dependent
on the existence of countable and equally probable microstates as a
consequence of the postulate expressed by equation (7) in the end of
Section 3. This opens the possibility to generalize the entropy concept
to a wider range of physical phenomena, e.g. chemical disequilibrium,
which is the subject of Skoruppa (2022e).

The most profound theoretical implication of the statistical entropy
difference concept emanates from the relationship with the widely dis-
cussed symmetry that is considered to be the criterion for time reversal

invariance, expressed in terms of probabilities:'?

p(Blt +7]|Alt]) = p(AT[t + 7)|B[t]) , (13)

where 7 > 0, and where the superscript ‘I’ denotes time reversal of
the state with respect to quantities such as velocity, spin and angular
momentum. If it were not for these superscripts, the symmetry implies
equal entropy value according to equation (6).

However, in macroscopic thermodynamics, the relevant quantities
are not influenced by time reversal, since they express macroscopic con-
ditions of a system, such as temperature, volume and weight, which are
independent of the time direction. Hence, formula (6) would have the
same meaning even if the superscripts on right side of equation (13) were
present and, consequently, the symmetry (13) is possible to interpret in
terms of equal entropies in microscopic as well as macroscopic process.

In two recent articles,'® analyses have shown that it is deeply ques-
tionable to define symmetry (13) as a criterion for time reversal invari-
ance — partly because the symmetry is time asymmetric in itself — and
therefore two alternative names have been suggested by the authors of
these articles: orthodox criterion for reversal symmetry and criterion
for future-directed process reversal invariance, respectively. It is now
possible, in accordance with the discussion above, to propose a more
comprehensible label for this important symmetry:

Definition 3 Criterion for entropy equality
In an isolated process, two states A and B have equal entropy
value if

p(Bt + || A[t]) = p(A"[t + 7)|BT[t]) , 7 > 0,

given an arbitrary time interval 7, and given that the con-
ditional probabilities are time translation invariant and not
Zero.

12This probabilistic symmetry is discussed by Holster (2003).
13Holster (2003) and Skoruppa (2022g).
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Consequently, this is a criterion for entropy equality between two states
that can appear in succession in the same isolated system (in Section 8
it will become clear that this criterion is applicable also to microscopic
processes).

7 Macroscopic applications

The derivation of the entropy concept represented in equation (6) is built
on the assumptions that the states in question are macroscopically well-
defined and that the process in question can be correctly described as
a homogeneous stochastic process with a unique equilibrium probability
distribution. The latter assumption is valid if the system is isolated in
a constant and finite volume. Hence, the following formal definition can
be formulated by means of equations (2), (3) and (6):

Definition 4 Statistical entropy difference (macro-
scopic version)

Assume that two macroscopically states, A and B, defined
by the same degree of coarse graining, have non-zero proba-
bilities to spontaneously evolve to each other in an arbitrary
time interval [t,¢ + 7] in an isolated system with a constant
and finite volume. Then the entropy difference between A
and B is

p(A[t" + 71| B[t']) p(A[t])

Sa—Sp=kgp-In

= lim kp-In
t—o00

p(B[t" + 7]|A[t"]) p(B[t]) ’
(14)
where 7 > 0, and where ¢’ and t” denote arbitrary points in

time.

Statistical entropy difference, as defined in the present work, has a
considerable potential for empirical applications in macroscopic systems.
As an example, is shown in Skoruppa (2022e) that the concept can play
a crucial role in the derivation of entropy differences in disequilibrium
chemical systems.

It seems plausible that a corresponding derivation can be applied also
to quasi-stationary systems, such as radioactive decay and spontaneous
emission, which also can exhibit states of equilibrium and disequilibrium.
If this kind of systems appears in a large reservoir, the future-directed
probability of the decay or the emission is much larger than the future-
directed probability of the reversed process (in fact, the latter probability
is zero if the reservoir is ideally empty space). As a consequence, the
entropy of the quasi-stationary state is decidedly less than the entropy
of the dispersed state following the decay or the emission.'

“Hopefully, this approach has potential to overcome some of the difficulties con-
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The statistical entropy difference concept also makes way for a new
understanding in the troublesome field of gravitation entropy.'® The ap-
parent contradiction between the evolution towards denser matter con-
centration in the creation of galaxies and stars and the spreading out of
matter in expanding gases (which are both considered entropy increas-
ing processes) is reconciled if the entropy difference between a dense and
dilute state is expressed in terms of the future-directed probabilities of
the transition between the two states.'6

A concrete example of a macroscopic application is provided if the
formula for statistical entropy difference (14) is combined with the well
known formula for entropy increase of an ideal gas expanding as a func-
tion of the number of molecules and the volume of the gas. The entropy
difference between the two equilibrium states are (n denotes the number
of moles and N denotes the number of molecules in the gas; R and kp
denote the molar gas constant and Boltzmann’s constant, respectively):

\% It + 7]|I[¢
S 81 = n Rl = (1) = ks - DD
P + U] (Vi) Fe
p(I[t" +7][II[t"]) <V1 )
p(II[t" + 7][I[t']) <VII>N

P+ A~ \ 19)
where 7 > (0. It should be emphasized that this relation is independent of
the size of the time interval 7 between the two states. Since N usually is
in the magnitude of 10%° or larger, the quotient between the probabilities
normally represents, to say the least, a huge number. An alternative
derivation of the formula (15) is presented in Skoruppa (2022a).

The widest potential area of empirical application of statistical en-
tropy difference is probably the field of non-equilibrium thermodynam-
ics, where it opens up for a definition of entropy in systems far from
equilibrium. Up to now, the difficulties in this field of physics have,
in their turn, obstructed scientific study of self-organization and living
organisms from a perspective of statistical mechanics.

8 Microscopic applications

In accordance with the hypothetisised Definition 3, the scope of the
statistical entropy difference can be widened also to include microscopic

nected with the application of the entropy concept to quantum unstable systems and
nuclear reactions that e.g. Civitarese & Gadella (2015) and Tosti (2021) describe.
15See e.g. Mann (2003) and Earman (2006) for accounts of some of the troubles.
16 A sketchy account of statistical time asymmetry of gravitational aggregation of
matter is given in the end of Chapter 20 in Skoruppa (2022f).
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systems. A slightly modified version of Definition 4 can, as a consequence
of the analysis in Section 6, be proposed as follows:

Definition 5 Statistical entropy difference (general
version)

Assume that an evolution between two states, A — B, as
well as an evolution BT — AT, has a non-zero probability to
spontaneously evolve in an arbitrary time interval [¢,¢ + 7]
in an isolated system with a constant and finite volume.
If the states in question are defined by the same degree of
coarse graining, the entropy difference between the two pair
of states is

p(AT[t + 7]| BT [t'])

_ - _ — k-]
S =8 = Sar = S = 0T AR

, (16)

where 7 > 0, and where ¢’ and ¢” denote arbitrary points in
time.

As a peripheral but significant microscopic example, the statistical
entropy difference now can be calculated for a single decay of the neutral
K-meson. Accurate experiments have given the following result (with
the experimental limits 1- 10710 s < 7 < 21079 5):17

p(KOft + 7| K[e)) — p(ROft + )l KOl)) o

p(KO(t + 7] 70[]) 1 p(&0 1 jiofg)) — COF L) 10

p(KOt + )| KO]) o
:>p(f_(0[t+7']|Ko[tD =1.01334+2.6-10 .

Since the K-meson decay correctly can be described by probabilities and
since the two states K and K° are unchanged under time reversal, the
formula (16) describes the entropy difference in a single particle decay:

Syo — Sgo = kp -1n(1.0133 £ 2.6 - 1073)
= (1.8240.36) - 107%° J/K . (17)

Hence, the statistical entropy difference formula gives a very small but
measurable value for the entropy difference between the neutral K-
meson and its antiparticle.

In Skoruppa (2022¢) statistical entropy difference is applied to chem-
ical systems, where it describes statistical time asymmetry on the molec-
ular level in terms of entropy. Another area, where statistical entropy
difference is presumably useful, is in the derivations and applications of
various fluctuation theorems (see Section 4).

17 Angelopoulos et al. (1998).
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9 Discussion

The concept of the statistical entropy difference hopefully has a poten-
tial to give a significant contribution to the field of thermodynamics,
since it seems to provide answers to some of the foundational problems
in this realm. It is especially noteworthy that the statistical entropy dif-
ference formula (14) explicitly expresses both time direction and prob-
ability through the quotient of future-directed probabilities. Thereby
the connection with the asserted time asymmetry of the second law of
thermodynamics becomes overt, which makes it possible to derive the
second law on the basis of the formula of statistical entropy difference
as is demonstrated in Section 5.

It should be noted that the implications of the statistical entropy
difference, derived in the present article, is restricted to a certain con-
dition: one of the two states in question must be potentially able to
spontaneously evolve to the other in an isolated system. As a con-
sequence of this limitation, it is for example not possible to use the
formula (14) to decide the entropy difference between two states with
different masses. Another noteworthy consequence of this formula is
that the entropy difference in a deterministically evolving system, e.g.
the expanding universe, is not defined, since the quotient in the formula
(6) is not defined if either of the two probabilities is zero.

Hopefully, the new entropy formula will shed light over some of the
issues associated with the entropy concept. For example, both the re-
currence and the reversible objections, raised against Boltzmann, have
less validity when raised against an entropy concept where the time
asymmetry of the entropy concept is outspoken. The statistical entropy
difference also clarifies what entropy actually measures; loosely speak-
ing, the entropy difference between two states, A and B, is a measure of
how much larger the future-directed probability is for B to evolve, given
A, than the future-directed probability for A to evolve, given B.

Moreover, the statistical entropy difference can be used to demon-
strate some important relations between fundamental physical concepts.
Surprisingly, the probabilistic symmetry that has previously been used
as a criterion for time reversal invariance should rather, in the light of
the present analysis, be interpreted as a criterion for entropy equality
between states. Therefore, the so called T violation, first observed in the
decay of the neutral K-meson, is better interpreted as a sign of entropy
difference between an evolution and its time reverse in a spontaneous
quantum processes than as a sign of a fundamental time asymmetry. It
is also clear that the statistical entropy difference concept is in accor-
dance with the law of statistical mechanical time asymmetry, which is
described in Section 2.
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Another point to be noted is that the statistical entropy difference
concept is not in opposition with Boltzmann’s entropy formula, but
rather extends his statistical interpretation of entropy beyond the es-
timation of the number of configurations that represents the state in
question. This opens the possibility to calculate entropy differences in a
single-particle system, which is demonstrated in Section 8. It also opens
possibilities to estimate entropy values of non-equilibrium states in some
cases, where the number of configurations is not possible to calculate or
where this number is not comparable for different microscopically de-
fined states, e.g. in chemical processes.
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